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Principles of Dynamics 
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Vibration in 

Discrete Systems 
 
 
 
 
 
 






































































































































Before consideringthedynamicsofwaves we brieflydiscusstherelatedtopicofvibrations
Consider a cork bobbingonthesurfaceof a liquid as a wavepassesThecorkoscillates in
time similarto a vibratingsystem acharacteristicsharedbyeverypointin a wave The cork
represents the vibration of a discrete system Acontinuoussystemmayexhibitoscillations
in space and time just like a wave However a vibration represents an exhenge ofenergy at
a pointwhile a wave represents the flowof energyfromone point in a system to another
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thefarceofthespringopposes the displacementofthemass

ii win o c u Aedt WE Ym naturalfrequency

122 wi u 0 2 tier

u Ae'wt Aze int since eachvalueof 2 is a solution thenthesum i.e superposition
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We've justsolved an eigenvalueproblemfortheeigenvaluew naturalfrequency In MDOF
systemstheconceptofthemodeshape eigenvector can be appreciatedBeyondthefrequency
themodeshape is theparticularway in which a systemvibrates howtheamplitudeandphase
of vibration of one DOFrelatesto thatofothers in thesystem It is an expressionofthe
efficientallocationof energywithin a system

AmenDamenDamen IF mi 2km t ku

tsu tsu IF min ku 2kus

no Effi I EMiff c u 1 eineKein assume eachmass oscillates withthe
same frequency
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wi it L I
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Ameh tenstems avectorGe rotatesandscalesH
The EVPaskswhatvectorXtransformsinto itself
scaledby a factorw

ID1 mew 4kmw 315 0 secularcharacteristicequation

a wewi km we WE 34

In general a systemwill n discreteDOFswillpossess n distinctnaturalfrequencies although
in some cases twonaturalfrequenciesmaypossessthesamevalue i.e bedegenerate Amode
shape is tiedto eachfrequency

E un x kmX 0 41 2k moi
k YY 1 Xp l

mode na l mode n 2
Firstmode massesoscillate in phase

ÉÉmÉE I ÉmÉÉ secondmodemassesoscillateoutofphaseH
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Considermatchingeigenvalueandeigenvectore.g wiandX

de ditched to
The zero resultsfromtheEVPandindicatesthat no energyexchange isrequiredtosustain a
vibration in mode x atwa

Considermatchingeigenvalueandeigenvectore.g wiandX

de dat wht k X Tt
duty

em t
y

x ein
diff

X'feint 0

km 21m 31m

Thenon zero indicatesthat a vibration in modeotherthan X mustbeat a frequency w
and vice versa otherwiseenergymustbe mostlikely injectedintothesystem e.g viaforcing

Eigenvalues andeigenvectors wiand X occur in pairsandtheX are orthogonaltoeachother
Considertwo wn X pairswhichsatisfythegoverningequations

w MX KX mode i

wiMX KI mode j
Premultiplythepreviousbythetransposeoftheoppositemode

Wi X MX X KX Ics KX's

ewiX's Myes zÉX ix
equivalenceduetosymmetryofMand K

wi wi XTMX O

In general witwi therefore X Mx O and byextension X KX 0 thus X and
X are orthogonalwithrespectto MandK Similarly

Wi X TX X I DX X I DX

w X TX w X TX x DX

wi wi X X O orthogonalityofnormalmodes



Due to theirorthogonality themodeshapes eigenvectors form a basis in n dimensionalspace
meaning thatanyothervectormustbesome linearcombination ofthesevectors

rains nil 1 11111
1 basis in 3D rectilinearspace

If it is an arbitraryvector in n dimensionalspace it can beexpressed as

I I c X c are constants this is the expansiontheorem

Premultiplying it by X M or X k thevalue of e can be determined

X Ma X TMÉ c X c X J MI Cimii co tx Ma

dropthesum since X IX Si orthogonality

Theexpansiontheorem is veryuseful in findingtheresponseofMDOFsystemssubjectto arbitrary
forcingbydecouplingthe system ofequationsfollowing a procedurecalledmodalanalysis

Looking at wMX KX O it is apparentthattheEOM are coupledbywayof K Thecoupling
depends on the coordinates we use It is possible to choosecoordinates which uncoupletheEOM

Let a I.ci EEggyi Y
ee

coordinatevector principal coordinates

Mii Ru MIÉ KEE E

Igwagenheaveyseff
X MX mi and X KI Kii diagonalize M and K Let'spremultiply
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Recall our previous problem Let'sapplytheexpansiontheoremmedalanalysis
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Vibration in 

Continuous Systems 
 
 
 
 
 
 






































































































































Although mostofthe course is presented fromthe perspectiveof discretesystemswith finite
degreesof freedom it is still worthwhile to attimesconsidercontinuoussystemsof infinite
degrees of freedom

degreesoffreedom Dots countthe minimum numberof independentcoordinatesnecessary
to describethestateof allparts of thesystem over time

o

p

Thependulum is a spot systemprovidedthetether
is inextensible then4 t is theonly Dof polar
cylindrical coordinates

In Cartesiancoordinates XH andyet are notindependent
butrelated i.e constrained by x2 y l thus one
coordinatesetstheother

m

Wh Thecantileveris a continuoussystem

finite Does infinite DOES

finite naturalfreqs shapes infinite naturalfreqs modeshapesfiled
as pieceseasytosave

Shiated
as poses generallydefaultto solve

lumpedconcentratedmaterialparameters distributedmaterialparameters i.e functionsofposition

Westudyvibration in continuoussystemsfromthesimplest IDexamples rodsshaftsand
strings thatshare governing equationsof identicalform

o nu of y
rod longitudinaldisplacements u shaft angulardisplacements O

and loads f and loads I

to
stringtransversedisplacements er

and loads f






































































































































rod longitudinaldisplacements u
and loads f IFx pAdx2yy Pt P df fax
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IFy edsftp.t tsinot TtdIds sinOtdfdsJtfds

it
and loads f

assumesmall suchthat dsrdx

yds
eds TO T dIdy0t2fdy fdx

it p
Twiddy ds 9 3 2 035 7291 212fdÉffdx
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e ITEMS
92412 TIE tf Fortsufficientlylargesmallerhas avanishingaffectontithas const






































































































































PA EA e JKoG c s f T
vod shaft string

we continuewiththerodsystemabsentloadingbutthe
resultsextendto theshaftandstring systems

Thestandard method ofsolutionemploystheseparationofvariables ucx.t

PCXQCD.PLc8Q3yz s Eg If co yÉ speedofsound

sincetheLHS is afunctionof tonlyandtheRHS is a function of x onlythentheequation can only
bevalid ifeachside isequal to a constant

LHS Cf RHS

Isa mfs ate 34 W Ys 24Pa K Ym qt of

Iq w Q 0 21ftis P O equations are ofsameform as a SDOF ii win 0
thereforewe can assumethesame formof solution
US AestandPas Ber

r2 K2 o n

Q e Aze it s C cos wt Gsin uts2 we 0 S i

peg pein Bzé S D cos Kx basinKx

ulx.tl PHIGH B B e ik A eint Azeint

AB tw AaB ill wt AByeickx at A B e i txtwt

C illextents C e illextorts Geillex uts Cq illex
WH

Woos Kx Xsin Kx Ycos wt 2sin wt

ftp.ofgm initialconditions

Presentlytheaboverepresents an infinitesystemsince x is unbounded Vibrationproblemsconcern
finitesystems Sincethe PPE is secondorder in spaceandtime thesolution ax t requires
two boundary andtwo initial conditions

u x a t Malt and 2,1 x b 4 aft boundary conditions ft

u x 1 0 Ux and 24 x 1 0 ii x initialconditions Hx






































































































































If therod is fixed atbothends then PCOS P e 0

Plo W O PC Wets ke Xsin ke 0 knl na n 0 1 2

W Koo Knl Wnf na

g g

i Wn knee nel fundamentalmode n o rigidbodymode
w fundamentalfrequency
K fundamentalwavenumber

XY XZ

unlx.tt sinKnx Cncos if Dnsinheft nthsolution is called thenthharmonicnormalmode

u lx t Eun x t general solution gives all possiblevibrations via superposition the particular
vibration that occurs is uniquelydeterminedby initialconditions

considerthe modeshapes Pnex

Mx nel Pax n 2

it x

Pix n 3 ThepointsPn x O are thenodes

Pn x O if Knx ngx MT X my m 0 1,2 x El

ThepointsPnlx is maximal are theantinodes

Theorthogonalityof normalmodes in discretesystems extends to continuoussystems as well although
it is mostsimply proven in ID Forcontinuoussystems boundary conditionsmustbeexplicitlyaccounted
for they are automaticallyaccounted for in discretesystems Considerarod

2 city c un x 15 Phx Yncoswnt 2nsin cont

kiRex Pies

Let'sconsidertheeigenfunctionsPicx andBas corresponding to wi and w

P K Pi

p p

multiplybyPiandintegrate PiPdx k ftp.pjdx

multiplybyPi and integrate PPidx is ftp.Pidx






































































































































PPjdx PiPj ftp.pjdx kiftp.pjdx

epPdx PPitt ftp.jpidx is ftp.pidx

For a fixedend P 0 for a freeend P O Let'sassumeeitherbothendsfixed or bothends
freethen

ftp.pjdx kifpipjdx

ftp.ipidx is PiPidx

ki ki Pipdx 0 For kit K thenftp.pjdx 0

Justas theorthogonalityofeigenvectorssupportstheexpansiontheorem in discretesystems
orthogonaleigenfunctionssupporttheexpansion theorem for continuous systemsAnysetof
functions that form an orthogonalbasishas a correspondingFourierseriesinvolving sines and
cosines that are easy to handle

f x ang I lancesInx businInxs Fourierapproximationoffed

Is
inCmxsin nx dx aSmn

T

fcoscmxscoscnxsdx t.sn orthogonalityoftrigonometricfunctions

IsinCmxcos x dx 0

To extractthean andbn componentsof a Fourierexpansionsimplymultiplyfax by cosInxs
and sinInx respectively and integrate x f Ti Ti

an fix cos nx dx qq.licoslnxsditqnfoslnxlcoslnxtdxtb.isin ndcosinxtdx

bn fix sin nx dx qq.lisincnxdxta.nl os nxlsinlnxJdxtbfsinnxlsinWE






































































































































Ez Ifexdx averageof fix over x eft it

For ID vibrationproblems theproblemdomain is typically intherange x o e notXeCT T
Let's use ye

Co l as our problemdomainvariablethen

x 2547 7 dx dy
I recallthatthefundamentalmode isonlyhalf a wavelength

an Slx cosindex s 4 É fly cos n2Ingdy

Theparticularvibrationthatoccurs is determinedbytheinitialconditionswhichprovide an
initialdistributionofenergywithin thesystem Forthe redproblem considerthefollowing
initial conditions

initial displacement u x 1 07 d x Éensin Knx
initialvelocity it x t d ci x Pnyea sin Knx Dawnsin Knx

T

Usingtheorthogonalityoftrigonometricfunctions

Cn I holdsin Knxdx Dn f I findsin Knxdx n 1,23








































































































































 
 
 
 
 
 
 

TOPIC 4: 
Properties of Waves 

 
 
 
 
 
 
 
 






































































































































A wave is a disturbancewithin a mediumthatpropagates at a characteristicspeedand in
doing so transmitsenergy landinformation fromone locationto anotherWaves are
ubiquitous in natureandengineeringthustheimportof theirstudy In this course we focuson
waves in elasticmedia

242 42,31 waveequation

ulx.tl PINQA B e B e ik A eint Aze int

C eillextorts C e illextents Geillx wt Cp ill
w generalsolution

Consider a typicaltermofthegeneralsolution

u x 7 Ceith wt Ceid d isthephase

t t

I
samephased atdifferentinstances

m
In order forthedisturbance topropagatewithout a change to its profile i.e shaped all phases
mustmovewiththe same velocity up

I textwt phase atarbitraryinitial x and t

K x Dx Iw 4 07 phaseafterOt

Kxtwtt
KWELI OF E Fc

ForarbitraryOt inordertopreventdistortion Oxensures ka x two1 0 Eachphasemoves
withvelocity up t y t c The 1 indicatespropagation to the leftright

Although wehaverepresentedthedisturbancewith a sinusoidalprofile ingeneral thebehavior
of an arbitrarycontinuousprofile which canbedecomposed in Fourierseries is the same
no distortion is observedsince eachofthe Fouriercomponentspropagateswiththe sameup






































































































































Apparently thegeneralsolutioncomprisesboth left and rightpropagatingwaves If a

vibration represents energy confined to a particularregionthen itmaybeexpectedthat
without imposedboundary conditions thegeneralsolution representsthedynamics of an infinite
medium in whichenergy cannotbe confined in theformof a unbration Howevervibration
in theformof a standingwave i.e V D resultsfromtwo counterpropagatingwavesof
equalamplitude

UlxH A ittextwt A illexWH

Acostextwt ti Asintextwt Acosta wt ti Asin ex cot

2AcosCalcos A ZiAsin KICOSA

In considering thepropagationofenergy wemustderive an expressionfortheenergyper
elementdx of the rod i.e theenergydensity

IT 14Addit differentialkinetic energy

dU toexAdx z izEAe dx EAdy dx differentialpotentialenergy

II Lean 24 LEA IF IE LI dug kineticpotentialandtotal
energiesperunit length

considertheeffectof a waveform next flaxuts f147 propagating toeitherthe left or
right in termsofenergy

II WYAIf IkepAdy LKEAIf 21 KEAby

II 24indicatesthatthewave energy isequally dividedamongkineticandpotentialcomponents

Recall F dye EAdy v dy P Fu EAdydy powerflow






































































































































Go Exile Pgyeingflewassociatedwith left and rightpropagatingwaves f flexwt andboundary at xexo

p.ggi ITb energyleavingtheregion x ex
X

X P EAZY I KWEAEp x
KEA EI xx

energyenteringtheregion x ex

Let a f tf then

P EAZY xx
WEA Eg É xx

if f and f are of differentamplitudesthen P 0 thusenergyeitherenters or leaves
the region X Xo

if f and f are ofequalamplitudethen P 0 thus no energyflowsundervibration






































































































































Thesolution to problemsofvibration infinitestructures involvestheimpositionofboundary
conditions Forthefiniterod these aretraditionally fixedfixed freefree andfixed free
Howeverotherconditions are possible

Fora semi infinitered there is onlyone boundaryto considerand wavemayapproachthis
boundary and interactwith it

Thereflectionof an incidentwavefrom a fixedboundaryrepresentsthesimplesttype of
boundaryinteraction Consider a disturbance ai flexwellpropagatingto therightand
incident on a fixedboundarySincethewave energy is nottransmittedacross ordissipated
stored at the boundary wemayexpectthewave energy tobereflected back in thefarm
ur gltextwt towardtheorigin ofthe incidentwave

Ur

rni mm

fixed
boundary

Mi tUr O

g g o
at thefixedboundary weexpectthedisplacementandvelocitytobezero






































































































































Let u flex wt fiefs and ur glintwt got
hit cir w If If 0 2g If thisestablishesthatthereflected wave is

identical to the incidentwere

minimums at

la la
bothndery

Consider a disturbance di fckn wit fo incidenton a materialboundaryseparating
twodensities p and f Such a scenario is capable of producing a reflectedwave
ur glkx wat go withinthe samemedium thatpropagateswithvelocity C W K Elen
as well as permitting some energy transmission via ut flax wat fly thatpropagateswith
velocityCz WzKETER

critcir at

43 3 IIe
rescontinuityof

displacementforvelocity andforce

nitwit wtf Ho w.fr ag 1 a fg JfiIIw.E
II If3 ki3 28 22 R refectioncefficient T transmission coefficient

Rt t X lettin.li eciiir
Letez oo and we recoverresultssimilarto thefixedbounderscenario limo.R l and1750

Assuming thefarmofIgnisknown thenthereflected andtransmittedwavesmaybedetermined






































































































































Now instead of theboundary separatingtworegions ofdifferentmassdensity conside a

area whichaffectstheforcebalance

iii iii

if matrons at

EA EAz

is itcir it s wifff g wtf
A 3 3 A3 s A k If 2g a egg

solvesimultaneously

P 1EIEÉ1E BETA.IE aiaw.lEiIEEniaI1E

Problemsinvolvingtransmission acrossboundariesoftenincludementionofmechanical impedance
Theimpedance127expressestheratiooftheamplitudeofthedrivingforce at a pointto that
of theresultingvelocityNotethat drivingforce is notnecessarilythatof an externaldriver
andmaystemfromtheinternalstress thataccompanys a propagating wave

Let'sadopt a more generalviewbyreplacing the responseoftherighthalfspacewith a
forcing FH

If mat s FA

Vas ni tair w Eg Ig KEF24 3g






































































































































EE Fat AEYI 211 0 appliedto interface

FA KAE If
2 E AEIf ATE AE impedance for a semi infinite rod

Uponapplyingthisresultto R and T oftwo half spaceswithdifferentelasticitytress
sectional area weget

R
EYE 422 I

EYE 2122 1

2A EZzF
AzE22 AzEz21

A procedure that is frequentlyused inthestudyofreflectionandtransmission at boundaries
is to considerthe incidentwave tobe apureharmonic thusgeneralfrequency dependent
relationships fortheamplitudeandphaseofthereflectedandtransmitted waves are obtained

Considertheincidentwave of knownamplitude andthereflectedand
transmittedwaves ofunknownamplitude ur Betti aid

upceisnx
w.tt in two

halfspaces of differentdensity

in tein lit

inAeithxto cwBeil ka tant inCeiltextwit ikAeilkixtwitf.irBeitkixtw.tl in Ceikextwat

1

The locationoftheboundarybetweenthetwomedia is arbitrarilysetto x O Similarly
since no energy is exchangedwiththesystem weexpectourfindingto heldforalltime thus
O is as appropriate as anyotherinstant

KCA B KI

BAWEE l É

E 1 r Ein tw i n'I c itKale Wk






































































































































Considerthe wave incidenton a fixedend

ci cir 0

in eintAeilax Be in O

Aeim Be in 0 By I file it thereflectedand incidentwaves are ofequal
amplitude but 180 outofphase

Considerthe wave incidenton a freeend

3 3 0

ikeintAei Be in 0

Aei Be in 0 By I 1 e O thereflectedand incident waves are ofequal
amplitude and in phase






































































































































Let'sconsider a wave propagating in a homogeneous rod wherewe earlierconsideredvibration Recall

34 83 governingequation

u PexQ t where Pex He and Qu Betint

Ceillex wt c e Ceil two e e

I If The solution u ceicixtats we obtain a familiarresult wie ein Ef ci
m

via coWavesofdifferentfreqs
alltravel atthesame velocity
Up Y Co phasevelocity

E

Now let's considerthepropagation of a wave in a rod in an elasticsleeve

elasticsleeve w
w

g

w is notlinearlyproportional to

O is wavesofdifferentfreqs

Chalmarkofdispersion

w w

em
UpWIU Ceilextents3 Ey ly E

Dispersion in metamaterials

Go to Matematica GroupVelocity

Forsimplicity considertwo purehormonewaves ofequalamplitudebutoffrequenciesthatdifferby a
differentialamounttravelingthrough thesame medium

U Aces KX wit AceskexWat KE K tdk Wa w t dw

2Acos IlkaRDX wz wit cos Kaki x watwit

2Acos dk x dwt cos 2k dis x awIggy
do ignorablesince wasdw

I dis ignorable since K die
2Acos Rix wit cos disx dwt






































































































































Thefirst cosine termdescribes thehigh frequency carrier wave Thesecondcosineterm variesslowly and
actsto modulate the carrier enveloping itsuchthatthehighfrequency oscillationsappearto travel
in packets orgroups

Up Et phasevelocityofthe carrier

Ug dy phasevelocity oftheenvelope groupvelocity

upsng the carrier oscillations will appearto originatefrombehindthegroupand travelforwardbefore
disappearing

up ng thecarrier oscillations will appeartooriginatefromthefrontofthegroupandtravel aft
beforedisappearing

Upng the carrier oscillations andenvelope exhibitno relativemotion therefore theoscillationsdo
not move withinthegroup

Now we showthatthegroup velocity is alsothe velocityofenergytransportedby a propagating
wave

Considerthetotal energydensity of a rod in an elasticsleeve mommy
eillex

tarts

JE JI 2 pantie LEA21124 kActu eineint

eickrtiklxe.int
LIWA LEAK a KA W Kc tly

e Kleine
int

If ke t A LEAK KA

Ng DThecorresponding power flow is

Pxox EASE441 EAwk EA Kottke is

The velocity oftheenergy ve PLE
fan

is 3
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Ourobjectiveis to learnaboutthewave natureof latticevibrations Althoughwefocus on ID
systemsthebasicconceptspresentedextendto 3D systems as well Becausethere are infinite
Dots in an infinitesystemthereare asmanynaturalfrequenciesand modesThedispersiondiagram
summarizes thedynamiccharacteristicsofthesystem

a m ne n ni m nm m ne m

s 2 J I J StI Jt2

Method I we considerthemotionofdegreesoffreedomwithin anarbitrary unitcell the
fundamental repeating unit andthesefreedoms to whichthey are coupled Wethen
imposethewave solution

u n Weil
kxtwts Weilklsthlatwt WeickatwHeiisna

which accounts forthediscretenatureofthesystem

U U getka

II
J I J Stl

Us a e
ika

EE mii k 24 mi es

i my k 24 y y o

f
2ft

W'm k 2 eika e ika O

W 12m11l coska

y
ka

Discretesystems are inherently dispersiveduetothedifferentlengthscales involved thatofthe
system lie theunitcellperiod a and thatofthewave For Aaa rant discreteness affects
dominate for Assa averageaffectsdominateWaves in homogeneouscontinuadonotsuffer
dispersion

Considerthephasevelocity inthe longwavelength limit lie Rand

what I l coska noI l l 2 kNka up w
Imf























































































LongWavelength na Yo Shortwavelength na Yo

If a waveofverylongwavelength is introduced to a linearlatticethedisplacementofeach
mass willonlyvarybyan infinitesimalamountovera greatnumberoflatticepoints On thescale
ofthewavelengththelatticepoints are so denselypacked thattheyeffectivelyconstitute a
continuousmedium

Considerthecontinuummodel viaTaylorexpansion use tu lo staff t421 t Ola's

mii k2u um us

in gear um unmittmfu utake attEEAIIEEIEI.sn
ii kg24 o c u dei tw i w km ka i up wit Imf

Sincesoundwaves can propagate in crystallinesolidscomprisingatomsmoleculesarranged in a
lattice and theirwavelengths are muchlongerthanthe latticespacing theabovecalculated
phasevelocities are associatedwiththesoundspeedanddenotesthe acousticfrequencyband



Brillouin_Zone.m

1 clear;clc;
2
3 %% Setup - User Input
4 k=pi /1.5;
5 N=3;
6
7 x_min =-1*pi;
8 x_max =1*pi;
9 x_pts =201;
10
11 %% Calculations
12 x=linspace(x_min ,x_max ,x_pts);
13 x_int=round(x_min ,0):round(x_max ,0);
14
15 for j=1:N
16 for phi=linspace (0,2*pi ,101)
17 plot(x,cos((k+2*pi)*x-phi),'r:',x,cos(k*x-phi),'b',...
18 x_int ,cos(k*x_int -phi),'k.',...
19 'LineWidth ',2,'MarkerSize ' ,30);
20 xlabel('Position , x');ylabel('Displacement , u');
21 axis([ x_min x_max -1.25 1.25]);
22 legend('\kappa ''=\ kappa +2\pi',['\kappa=',num2str(k)],...
23 'mass','Location ','northoutside ','NumColumns ' ,3);
24 daspect ([1 1 1]);
25 drawnow;
26 end
27 end







































































































































































































































































In the waverepresentationoflatticevibrationsthewave functionevaluatedateachlattice
point is thedisplacementThewavefunctionbetween latticepoints is non physicalandtherefore
irrelevant Nevertheless waves ofdifferentwavelengths can beconstructedtodescribethe same
lattice vibration as seen by alied wk'd for kia kit

WavesofshorterwavelengthoutsidethefirstBrillouinzone thatproducethesamedisplacement
have a lowerupthemthese insidetheBrillouin zone

In thelattice eachatom is related to its neighborthroughthepropagation constant ein
where n 0 Il I 2 To examine whether ka and Ria are trulyequivalentforthe same w
weneedonly to comparethevalueofthepropagationconstantlatticepointbylatticepoint
einena ik na s ei lktoldher einene iblena e e iblena 1 Oka 2T

Any k in the 1stB2 is independent any k outsidethe 1stB2 isnotand I Ya canalways be
added tobring ie withinthe 1stB2

Interestingly Ka TI and K'a T also satisfy elina ei na andmayexist in the lattice
simultaneously Whileeachmass oscillates accordingto einteach is always180out of phase
with its neighbor Ka T and Ka T representstandingwaves

ThegroupvelocityHak iszero at ka IT Fora physicalexplanationconsider a wavepacket
formed around ka T withcomponentwavessymmetricallydistributed intherange
ki Oka E ka e T Dial Componentswith Rast willreflectintooppositegoingwaveswith
CTi Oka ka T Now foreach leftgoingwave thereis a matchingrightgoing wave ofequal
amplitude whichform a standingwaveSincethecomponentstandingwavesdo notpropagate
neitherdoesthewavepacket thus u O Naturallythesameconclusion can bereach in
considering a wave packetformedaround ka T

Alternatively considera wavepacketformedasymmetricallyaboutKa ti e.g
KitE Oka E ka e Tt e Oka ForE O we reachthe sameconclusion asabove For e so
more ware components are reflectedbackandthe imbalance leads to u 0 for eco fewer
components are reflectedback











































































































wavepacketsymmetricaround ka ti raves wavepacketasymmetricaround ka ti raves
ofTie Kae IkatOka are reflectedinto of Te kae late Oka are reflectedinto
TE Ras l TtOka Thebalanceof left and
rightgoing wares is responsibleforu o

T ka TtOka'dTheimbalanceof left
andrightgoingwares is responsible forng O

Method I weconsideran isolated unitcelland applytheBlochboundaryconditions Thismethod
is amenable to complexFEmodels comprisingM and K matrices

get M I m Mk E ti fi mm
fm

thas11 f m fm m

g

i fmais aKlan y fi l f m 0 Us

É
Ii Blochtransformationmatrix

trial
Is fullfreedoms

reducedessentialfreedoms






































































































































In usingup wemustensure energyconsistency

KE LeistMsu Tir MIR IKE air

PE tusksus TurfksTup IuÉITUn
W usfs Turf f ut

O noworkdone on unitcell

THCWM KTur O

ITCW'M K TI Ay B 0 Ay By A O A K B 2k ma

yew BIBER has knatinga Isna RefilmJl Kea ImilnGl
2A

alkalfkeyD 12111coskal

i mÉÉm mhm mhm
J 2 J I J Stl Jtz

sin m ni m e m ni m mi E infimum m ni fm
1 u u u M Y y U U

notethetotalmass oftheunitcell is 2m
thas11 f mtm fm 2mThe
fraction f appliesto theboundaries
only inorder tomaintainperiodicity
andavoid theredistributionof
mass
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The latticeis the same as before butthedispersiondiagramlooksdifferentbecauseof our
chanceofexpanded unitcell lie one which is largerthantheactualspatialperiod a Thefrequency
range is unchanged butthewavenumberrangeis shortenedby a factorNwhere N is the
lengthofthe extendedunitcellThisresultsin bandfolding

eiknNa elknNa eicktokinna eirnngianna eionn I i Oka 2

n mÉÉm me m ne m n s sin m mis m
s 2 J I J Stl Jtz T t U U

MsKsUs Up and T arethe same as above except g e ika

w 1m1221Itcostat we 1m1221Itcosnat

OnceagainthebanddiagramhaschangedAlthoughthefrequency
andwavenumberrange is consistentwiththe firstcase netherNgl

En

t.pt nor up agreewiththeprevious case
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Consider a unitcellwithtwoDotsof mass m and me respectively

no maMn Ftr nvm me ma n s skinma mi ma
Us1 U UUst Ust U U Ust Ust

1 ti Litt I litIi TT I us TT

2k W'm 141 27
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Kp 2k wma1 I
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f2mIWifklmmTmmI mkm metm 2 m may
y

Hmmmmm mkmemitmit2mmacosker
Ia

wz klmmtmmdtmkmefmztm.am may
y

kami tminimitmitmmacoska

Onceagain wehavetwofrequencybandsfollowingthe 2bofs per unitcell howeverthistime
there is a gapbetweenthebands In thebandgap no propagating wave solutionexists thus no
energytransferInstead inthebandgapthere is a standingwavewith an exponentially decreasing
amplitude



DiAtomic_Waveform.m

1 clear;clc;
2 i=sqrt(-1);
3 syms gamma w
4
5 %% Setup - User Input
6 m1=1;
7 m2=2;
8 k=1;
9
10 w_min =0; w_max =2;
11 w_div =1001;
12
13 w_target =1.68;
14
15 n_cells =20;
16
17 %% Mass and Stiffness Matrices
18 M=diag ([0 m1 m2]);
19 K=k*[1 -1 0;-1 2 -1;0 -1 1];
20
21 %% Calculations
22 T=[0 gamma ;1 0;0 1];
23 Th=[0 1 0;1/ gamma 0 1];
24
25 D=solve(det(Th*(-(w^2)*M+K)*T)==0, gamma);
26 str=strcat('@(w)',string(D(1)));
27
28 g=str2func(str);
29
30 %% Dispersion
31 clear w;
32
33 ka_real=nan(1,w_div +1);
34 ka_imag=nan(1,w_div +1);
35 [w,indx]=sort([w_target ,linspace(w_min ,w_max ,w_div)]);
36
37 indx=max((indx ==1) .*(1:( w_div +1)));




































































































































38 for j=1:( w_div +1)
39 ka_real(j)=abs(real(i*log(g(w(j)))));
40 ka_imag(j)=abs(imag(i*log(g(w(j)))));
41
42 if j==indx
43 ka_target=ka_real(j)+i*ka_imag(j);
44 end
45 end
46
47 %% Waveform
48 U=[1;(2*k-m1*w_target ^2)/(k*(1+g(w(indx))))]; % mode shape
49
50 u=nan(2,n_cells);u(:,1)=U;
51 for j=2: n_cells
52 u(:,j)=U.*exp(i*(j-1)*ka_target);
53 end
54 u=u./max(real(u) ,[],'all');
55
56 %% Plotting
57 figure (1);
58 plot(-ka_imag ,w,'r',ka_real ,w,'k',...
59 [0 0],[0 w_max],'k','LineWidth ' ,2);
60 xlabel('Wavenumber , \kappaa ');ylabel('Frequency , \omega ');
61 axis([-pi/2 pi 0 w_max ]);
62 legend('Im(\ kappaa)','Re(\ kappaa)');
63
64 figure (2);
65 plot (1: n_cells ,real(u(1,:)),'r:.',...
66 1:n_cells ,real(u(2,:)),'b:.',...
67 'MarkerSize ' ,15);
68 xlabel('Cell No.');ylabel('Displacement , u');
69 title (['\omega = ',num2str(w_target)]);
70 axis ([1 n_cells -1 1]);
71 legend('m_1','m_2');







































































































































































































































































Therelationbetween u and r canbeshewn tobe v la 2k w'm tell g Considerthe
Taylorexpansionofwiandwi aboutka 0 up to thefirst non zero termwhich are the
squarefrequencies in thelongwavelengthlimit

witNico YEna
est t III na o has glim teal wi 2kemitmeM Mz

Now if we substitutethelongwewelenthfrequencies wewin then we find

w w Y
2k Wm l

y
Matinga 1 mass oscillate in phaseandwithsimilaramplitude

2k atoms in asolidexhibit a similarmotionduringthe
passage of a sound wave thus w is denotedthe
acousticmode

w wz Y
2k Wm Mmi massesoscillateoutofphaseandwithdifferentamplitude atoms
2k in an ionicsolidexhibit a similarmotionduringthepassageof an

oscillatingelectricfield as in an EMwand thuswa is denoted
the optedmode



 
 
 
 
 
 
 

TOPIC 6: 
Crystal Structure 

 
 
 
 
 
 
 
 








































































































































The atom or groupofatoms in crystallinesolidsappears to reproduceitselfperiodically
throughoutthesample as if attached to an underlying setofpointswiththe corresponding
periodicityThesepoints an analyticalconstruction represent a latticeandtheatoms
molecules represent a basisTogether latticeplusbasisconstitute the crystalstructure

Due to translation invariance thesystemappears identicalwhenviewedfromany
arbitrarylatticepoint

O O O

O

diatomicbasis
O O O

square lattice crystalstructure

j j j t newingna
the s refers to s i n

thelatticesite mhmmhmmhmIt m mhmmema
ID lattice diatomic massspringbasis

A latticevector R n a t hea th as pointsfromtheorigin anarbitrarilychosenlattice
site to a latticepointwhere the ai are unit vectors notallnecessarily in thesame plane
Thevolumeoccupiedby a laxad is thesmallestbuildingblockthatcan fill thewholespace
Thiscell istheprimativecellandthe ai are theprimative latticevectorsTheprimativecell
contains one lattice pointregardlessofhowtheprimativecell is positionedwiththelattice

R N A

R n a then R n a then






































































































































looksthe same even after a rotationof 72 Translation moves theorigintoanotherlocation

if i

from an initialreferenceposition rotationkeepstheorigin in place

Becauseof theprerequisiteoftranslationsymmetrycrystalscannothaverotationsymmetry
for arbitraryangles If the lattice is invariantunder a rotationO then itmustalsobe
invariantunder a rotation 0 otherwisedirectionality is introduced Moreoversuccessiverotations
shouldreturnthelatticeto itsoriginalconfiguration i.e m0 271

MO 2T B na A

To 9
A a BTacosk o a coso

Considertwo representativelatticepoints A and B separatedby a primativelatticespacing a
Asrequiredbytranslationsymmetrythelatticelooksthesamefromtheperspectiveofeither
A or B If the lattice is invariantunder a rotationOaboutA then it is also invariantunder
a rotation OaboutB Translation symmetryrequiresanytwolatticepointsbeseparatedby
a lattice vectorThelatticevectorseparatingA and B is an integermultipleof a i.e na

Simultaneously geometry requirestheseparationbetweenAand B equal a 2acos0

s 1 2cosO n

1ÉÉÉFEtranslationcondition

Theonlypossibleintegersolutions are n 1 O 1 2,33which correspondto
0 1 2,1 I2g 21 I2g I21 thusthereareonly1 2 3 4 andG foldrotation

symmetriesOtheranglesdonotsimultaneouslysatisfytranslationsymmetry








































































































































It isthe sum of translationrotation andothersymmetries lie inversion reflection thatgives
rise to thevariety in crystalstructure There are a totalof 14differentlatticetypescalled
Bravais latticesthatexhaustallpossiblespace lattices forbuildingsinglecrystals

Bravais lattice

lil a periodic infinitearrayofdiscretepoints Fromanyofthesepointsthearraylooksexactlythe same qualitative definition

GilconsistsofallpointsgeneratedbyR n a that gag quantitativedefinition

There are 14Bravais latticetypes i e variations under7crystalclasses

3 independentinteriorangles

I independentinteriorangle

orthogonalsides allunequallengths

orthogonalsides 2equallengths

equalinteriorangles21200 allequallengths

orthogonalsides allequallengths

so as af as a as a g

Bee alternative a E ar g1 as 41

FCCalternative alsodiamond a q I a E H as






































































































































TriangularHexagonalhoneycomb a a f ar g13

At firstglance thehexagonal honeycombappearsto be a Bravais latticehowever it is
instructive to investigate thissupposition Closerexaminationshowsthatpoints b and c are
notequivalentbecausetheorientation ofneighboringlatticesitesaroundthemare 180
apart consequently translationsymmetry is broken

Fromtheaboveprimitivelatticevectors we claimtobeabletogeneratethehexagonalhoneycomb
however if weattemptto generate anly band c latticesites wefail since an extra lattice
since an extra latticesite appears atthecenterofeachhexagonalcellyielding a triangular
latticeinsteadofthehoneycomb

If theband c sites are bundledintopairsthentheasymmetry is eliminatedandthehoneycomb
latticeemerges The honeycomb structure can beviewed as a Bravais latticeonlyunderthe
conditionthat theprimitivecell is one witha basisoftwopoints b and c
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There aremanywaysto definetheprimitivecell in a Bravais latticeWe can draw the
latticevectorsfrom one latticepointto all the others andthendrawtheplane that
bisectseachofthemThesmallestvolumeenclosedby a setof bisectingplanes is a primitive
cellcalledcalledtheWigner Seitzcell It containsonly this latticepointnotto beconfused
forthebasis Dueto translationsymmetryeverylatticepointisenclosedwithin a similarcell
In reciprocal lie wavevector space theWigner Seitz cell is ofgreatvaluefor
understanding wave propagation in crystals

1stBrillouinZone
2ndBrillouinZone
3rdBrillouinZone

3T 2h T T 2T 3T

r a a r n a s

e s

i v s e r u s

r sn n

c s

e r u s

v






































































































































Themostimportantcharacteristicofcrystals istheirperiodicitystemmingfromthetranslational
invariance As a consequencethephysicalproperties are identicalwhenviewfromanytwo
latticepoints i.e whetherviewedfrom r or rt R

Although up tothispointwe'velargelyfocused on wavespropagating in onedimension we knowwave
propagation in higherdimensions is possible thus wemaydefinethewave vectorK K it k J tkik
where1791 2711 and ineikx ie x givesthewavephase

Consider a plane wave propagating in a Braveris latticeThewaveamplitude is proportionalto
e On a planeperpendicularto is thewavephase is thesameThisplanedefines awavefront

eik x eils7 1 eils7 21 eils7 31 ailsX ni eik x

FIT
For a given waverectorofarbitrarymagnitudeanddirectionthephasefactoreneofthe
wavefrontat xmaynotnecessarilybethe same at x R Howevertheremustbe aspecialsubset
of k denotedG thatdoeshavethis periodicity i.e

einex ein k tr eikxeinR citex ei R I K R 25in

Let G m b tmob tmob and R n a maz th a G R 2in requires that ai b 25Si
SincethesetofG vectors isgeneratedbyallpossiblelinearcombinationsof biwithintegercoefficients G vectorsalsoform a Bravais lattice inwavenumberspace k space i.e a
reciprocal lattice Its counterpartR createsthedirectlattice in realspaceWhile Rhas
dimensions m G hasdimensions mD

Ba Ba azxas will give a vector 1 to azandas but
with a component in the a direction91

B a qS will give avalueq notnecessarily 2Tmustmaltby2K2gAz
Baa 2TS I b Be a

9

a canastata assaz A Cazxas






































































































































ba 2hagg agbz 2ta fagyagbs 2ta iEfa

s 1 b 1 a y
ikke gong

In 2D wedefine B asthe vectra rotatedby 172 directiondoesn'tmatterduetothe
subsequentnormalization

Bi da where4 19

Now ai B qS Since
2gai B 2TSi wemay

definebi 2gB 2 gffia

b 2T 92 62 251 Ed
ai Ia a an

SquareLattice Tri Honeycomb lattice

bi Eff b Efi biz Ig b 212,5
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SQR_Lattice_Dispersion.m

1 %%%%% Nearest -neighbor coupling only.

2
3 clear;clc;

4
5 %% Setup -User Input

6 m=1;

7 k=1;

8
9 ka_div =51;

10
11 %% Calculations

12 [kxa ,kya]= meshgrid(linspace(-pi ,pi ,ka_div));

13 w=sqrt (2*k*(2-cos(kxa)-cos(kya))/m);

14
15 [kxa_q ,kya_q ]= meshgrid(linspace(-pi ,pi ,21));

16 w_q=sqrt (2*k*(2-cos(kxa_q)-cos(kya_q))/m);

17
18 dwq_dkxa =(k*sin(kxa_q))./(m*w_q);

19 dwq_dkya =(k*sin(kya_q))./(m*w_q);

20
21 %% Plotting

22 figure (1);

23 surf(kxa ,kya ,w);

24 xlabel('\kappa_xa ');ylabel('\kappa_ya ');
25 zlabel('Frequency , \omega ');
26 axis([-1 1 -1 1].*pi);axis square;

27 colormap(jet);

28
29 figure (2);

30 contour(kxa ,kya ,w,9,'k',...
31 'ShowText ','on','LineWidth ' ,1);hold on;

32 quiver(kxa_q ,kya_q ,dwq_dkxa ,dwq_dkya ,'b');hold off;

33 xlabel('\kappa_xa ');ylabel('\kappa_ya ');
34 axis square;









































































































































































































































In addition to bandgaps thedispersion surfacesprovide information onthepropagationof energywithin thelatticewhich is definedbythegroupvelocityvector

Ig TW ie lug i t uglyJ

Insin ka 212 cos 4 9 cosKya i tkmsince a 1212
costaxa cosKya j

m m

Theidentificationof thedirectionofenergypropagationthroughtheanalysisof thegradientofthe dispersionsurface i.e ig Tiewad is illustratedbeforeThedispersionsurface is
represented

bysalts smggfrfygngepgnntgenrs.gg ing1.5.2.0
2.53andthe localgradient is

represented

The iso frequency contour at w l appearsalmostcircularwhich is indicativeofisotropic
waveenergypropagationThecase forw 2 is markedlydifferentasthe iso frequencycontour
comprisesstraightlinesandall normal arrows are orientedalongthe 174 axes Thisindicates
that the waveenergy isstrangelyconfined tothesedirections

W I w 1.5 6 2



SQR_Lattice_Simulation.m

1 clear;clc;

2
3 %% Setup -User Input

4 n_sites_x =101;

5 n_sites_y =101;

6
7 m=1;

8 k=1;

9
10 A=1/20;

11 w=2; %=3/4 ,2 ,2.5

12
13 dt=1e-1; % time increment

14 n_time_steps =4e2;

15
16 %% Connectivity

17 n_sites=n_sites_x*n_sites_y;

18
19 [x,y]= meshgrid (1: n_sites_x ,1: n_sites_y);

20
21 LFT=( reshape(x,[1, n_sites ])==1) .*(1: n_sites);LFT(LFT ==0) =[];

22 RGT=( reshape(x,[1, n_sites ])== n_sites_x).*(1: n_sites);RGT(RGT ==0)

=[];

23 BTM=( reshape(y,[1, n_sites ])==1) .*(1: n_sites);BTM(BTM ==0) =[];

24 TOP=( reshape(y,[1, n_sites ])== n_sites_y).*(1: n_sites);TOP(TOP ==0)

=[];

25
26 N=repmat ((1: n_sites) ',[1 4]);

27 N(:,1)=N(:,1)+n_sites_y;

28 N(:,2)=N(:,2)+1;

29 N(:,3)=N(:,3)-n_sites_y;

30 N(:,4)=N(:,4) -1;

31
32 N(RGT ,1)=RGT ';
33 N(TOP ,2)=TOP ';
34 N(LFT ,3)=LFT ';
35 N(BTM ,4)=BTM ';
36
37 x=x-51;y=flipud(y) -51;




































































































































38 %% Mass and Stiffness Matrices

39 M=sparse (1: n_sites ,1: n_sites ,m*ones(1,n_sites));

40 K=zeros(n_sites);

41 for j=1: n_sites

42 K(j,N(j,:))=-k;

43 end

44 K=sparse(K+diag(-sum(K,2)));

45
46 %% Bathe Preliminaries

47 %%%%% Integration parameters

48 p=0.54; q1=(1 -2*p)/(2*p*(1-p));q2=1/2-p*q1;q0=1/2-q1 -q2;

49 a0=p*dt;a3=(1-p)*dt;a1=(a0^2) /2;a2=a0/2;

50 a4=(a3^2) /2;a5=q0*a3;a6 =(1/2+ q1)*a3;a7=q2*a3;

51
52 %%%%% Initial conditions

53 indx=round(n_sites /2);

54
55 un=spalloc(n_sites ,1,n_sites); % displacement

56 vn=spalloc(n_sites ,1,n_sites);vn(indx)=w*A; % velocity

57 an=spalloc(n_sites ,1,n_sites); % acceleration

58
59 %% Bathe Scheme

60 for j=2: n_time_steps

61 % First sub -step

62 up=un+a0*vn+a1*an;

63
64 fp=-K*up;

65
66 ap=M\fp;

67 vp=vn+a2*(an+ap);

68
69 % Second sub -step

70 un=up+a3*vp+a4*ap;

71 un(indx)=A*sin(w*(j-1)*dt);

72
73 ft=-K*un;

74
75 an1=an;

76 an=M\ft;

77 an(indx)=-(w^2)*A*sin(w*(j-1)*dt);

78
79 vn=vp+a5*an1+a6*ap+a7*an;

80 vn(indx)=w*A*cos(w*(j-1)*dt);

81 end




































































































































82 %% Plotting

83 figure (1);

84 contourf(x,y,reshape(un ,[n_sites_y ,n_sites_x ]),...

85 200,'EdgeColor ','none');
86 xlabel('Position , x/a');ylabel('Position , y/a');
87 title (['\omega = ' num2str(w) '; t = ' num2str(floor ((j-1)*dt)) '

s']);
88 axis ([-50 50 -50 50]);axis square;

89 colormap(jet);clim([-A A]./10);
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wavefront
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When an incident x raybeam ofsharplydefinedwavelengthsbouncesoff a crystal
intensereflectionpeaks are observed in certaindirections Atoms on parallelplanes can reflect
x ray intoeitherconstructive ordestructive interferencedepending upon thepathlength
differencesimilar to theopticaldiffractionfrom agrating

Considerthe setoflatticeplanesabove An x raybeamincidenton a plane at an angleOwillreflectwiththe same angle and wavelength Geometrygives a pathlengthdifference
for two beamsincident on planesseparatedby a distance a as 2as inO

If thepathlengthdifference is equal to an integermultipleofthewavelength thetworeflected
waves willbe in phase and constructiveinterferenceoccurs causing an intensitypeakto be
detectedThiscondition is theBragg lawofdiffraction 2asinO nd

Considerthe case wheretheincidentandreflectedwavespropagatealong a singledimension
i e O 72 thus I La and Ka Kaka it Theboundariesof the 1stBrillouin zone
representsatisfactionof theBraggcondition



 
 
 
 
 
 
 

TOPIC 7: 
The Transfer 

Matrix Method 
 
 
 
 
 
 




















































































































The statevectorat a point in anelasticsystem is a columnvectorcontainingthedisplacements and
corresponding internalforces

in m un m un m

i string My
If I

11 on
guy

i shaft
bÉm

Thetransfermatrixmethod is a meansof solving differentialequationsbydiscretizing theproblem
and assembling thebuildingblocksWewillnotgo intodepthhere instead wewilllearnthebasic
idea in order to later use it inthestudyofBraggscatteringandlocal resonance

Considerthespringbetweentwomasses Fromequilibrium weget

My
Sign Convention
positivedisplacementscoincidewithpositivedirections of

I er the coordinatesystem

FEFi Is Y xp positiveforcescoincidewiththeoutwardnormal

Collectingthedisplacemets forcesassociatedwith apointgives

constitutivethat s 1,1 D equilibriumFEE
25 Tf25 Te fieldtransfermatrix

HencebymeansofthetransfermatrixTe we canexpress 25 in termsof25 Atthemomentthis
methodoffers no special advantage

Nowconsiderthemassbetweentwosprings From equilibrium weget

Ee m

FR Ft w'mxp 0 F F Wmx

x Xi Xi the mass is rigidandexists at a point
sothedisplacements totheleftandright
are the same

x x

F F ome E aim 9 E
2 Tp29 Tp pointtransfermatrix

Bringing eachtogether
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spring mass

Gain c III 1

tin 1
2 21 T oscillatortransfermatrix

Assumethesystem is fixedattheleftend x 0 andfreeattherightend FR 07then

x E and l 415 0

Since F 0 we recoverthecharacteristicequationforthesystem'snaturalfrequencies

In general theBes are E g f 8

m

tied fixed

figgree

1
free free

Toappend a secondmassspringsystemtothefirst we recognizethatcompatibility requires23 25

a
a si Ii sigma

T2 21 7225 22

TE 21 2

Taz IT I z twomasssystem

TN TT24 21 generalNmasssystem
Immulativetransfermatrix

Now fromthevibrationof a finitesystem let'sconsiderwave propagation intheinfinitesystem In this
case Bloch Bcsrequirethat23 eira25

T2 25 elka25 T eikaI 25 0




















































































































Each layeris characterizedbymaterialproperties E ande e andgeometry l

27,2 22,2s leftrightboundary

ily
layer

XI XI XB x l 2 23

U A e Aze ilex int

o Eff likene irene in at giÉgL gfi2A e iZAze in etat

2 KE Wpf since is Wk Notethat atthispoint k is the wavenumberwithin a
particularlayer

The transfermatrix is to relatethestateat theboundaryof onelayertotheboundaryofthe
nextTo derivethetransfermatrixconsiderthestateat x and x x'it l

2 BCexita D

229 BC x Sa BCG f a BCK CC a e.im eiklxithl eikxieikl

Let O thenCco I and 1 becomes 24 Ba suchthatfrom 1 theamplitudevector

is a B2 and from 21 Ep BC Illa BILBY
24 T24

I
cosKsh sin k d
2 sin k d cos k d




















































































































Thetransfermatrix can beapplied recursively to relatethestate at one boundary to anyother in a multi layeredmedium

21 T 2 22 3

21 125 IT 24 23 layertransfermatrix

23 525 TTT Y in general ah TITnE.IEyjeT2i
transfermatrix

recall ai z ei ka where z is thewavenumberofthewholeperiodicmulti layeredmediumand
a Il is thespatialperiod Consequently

i T y I724 0 where y eikain
i
problem

Whiletheeigenvalue y deliversthedispersionrelation theeigenvector24 yieldsthemodeshapeat a particular w

From I recallthat 2 Beexilan Let x 0 suchthatCeo I therefore

E B an i a B24

Similarly from 33 recall that

21 T 2 22 BackSaz i a Back Ta24

Followingthistrend we can find a for an arbitrarylayer j
a BCfx TsTsz TaTa24

Once all a havebeendetermined theportionof thedisplacementandstressmodeshapes
withineach layer in the firstunitcell can becomputedfrom 2 BCj x a Furthermore
Bloch'stheorem2h yah maybeusedto computethedisplacementandstressmodeshapes over
asmanysubsequentunitcells as desired Afullmodeshape is realizedwhenthedisplacement
stressprofilespans a completewavelength 1 27 Rr



TMM_Rod_Dispersion_and_Waveform.m

1 clc;clearvars;

2 i=sqrt(-1);

3
4 %% Setup -User Input

5 d=[0.0025;0.005;0.0025];

6 E=[2e9;2e11;2e9 ]./(1 e11);

7 rho =[1e3;3e3;1e3 ]./(1 e11);

8
9 w_min =0.01;

10 w_max =20e5;

11 w_div =1e4;

12
13 w_target =309107/1;

14 n_period =5;

15 n_cell =29;

16 n_wavelength =1; % Supersedes n_cell unless set to 0

17
18 %% Transfer Matrix Solution

19 c0_sqrd=E./rho;

20 c0=sqrt(c0_sqrd);

21 d_cell=sum(d);

22
23 n_layer=length(d);

24
25 cnt =0;

26 krd=zeros(1,w_div);

27 kid=zeros(1,w_div);

28 for w=unique(sort([ linspace(w_min ,w_max ,w_div) w_target ]))

29 cnt=cnt +1;

30
31 %%%%% T-Matrix %%%%%

32 T=eye (2);

33 for j=n_layer :-1:1

34 k=w/c0(j);

35 Z=k*E(j);

36
37 T=T*[cos(k*d(j)) (1/Z)*sin(k*d(j));...

38 -Z*sin(k*d(j)) cos(k*d(j))];

39 end

40
41 [zL1 ,expkd ]=eig(T,eye (2));expkd=diag(expkd);


















































































































42 krd(cnt)=abs(real(-i*log(expkd (1,1))));

43 kid(cnt)=abs(imag(-i*log(expkd (1,1))));

44
45 if w== w_target

46 krd_target=krd(cnt);

47 kid_target=kid(cnt);

48 kd_target=krd(cnt)+i*kid(cnt);

49 zL1_target=zL1(:,1);

50 end

51 end

52
53 %% Mode Shape

54 %%%%% Amplitude

55 xL=cumsum ([0,d(1:end -1) ']);
56
57 T=eye (2);

58 A=zeros(2,n_layer);

59 B=zeros(2,2, n_layer);

60 k=zeros(1,n_layer);

61 for j=1: n_layer

62 k(j)=w_target/c0(j);

63 Z=k(j)*E(j);

64
65 B(:,:,j)=[1 1;i*Z -i*Z];

66 C=diag([exp(i*k(j)*xL(j)) exp(-i*k(j)*xL(j))]);

67 A(:,j)=(B(:,:,j)*C)\T*zL1_target;

68
69 T=[cos(k(j)*d(j)) (1/Z)*sin(k(j)*d(j));...

70 -Z*sin(k(j)*d(j)) cos(k(j)*d(j))]*T;

71 end

72
73 %%%%% Unit Cell Field

74 cnt =1;

75 u=B(:,:,1)*A(:,1);

76 x=0;


















































































































77 for j=1: n_layer

78 for m=linspace(0,d(j) ,100)

79 if m~=0

80 cnt=cnt +1;

81
82 C=diag([exp(i*k(j)*(xL(j)+m)) exp(-i*k(j)*(xL(j)+m))

]);

83 u(:,cnt)=B(:,:,j)*C*A(:,j);

84 x(cnt)=xL(j)+m;

85 end

86 end

87 end

88
89 %%%%% Waveform

90 lambda =0;

91 if n_wavelength >0

92 lambda =2*pi*d_cell*n_wavelength/krd_target;

93 n_cell=ceil(lambda/d_cell);

94 end

95
96 X=x;U=u;

97 for j=2: n_cell

98 X=[X,x(2: end)+(j-1)*d_cell ];

99 U=[U,u(:,2:end).*exp(i*(j-1)*kd_target)];

100 end

101 if lambda >0

102 X(X>lambda)=[];

103 U=U(:,1: numel(X));

104 end

105
106 %% Plotting

107 w=unique(sort([ linspace(w_min ,w_max ,w_div) w_target ]));

108
109 figure (1);

110 plot(-kid ,w,'r',krd ,w,'k',...
111 -kid_target ,w_target ,'ro',...
112 krd_target ,w_target ,'ko',...
113 [0 0],[0 w_max],'k','Linewidth ' ,1);
114 xlabel('Wavenumber , \kappaa ');ylabel('Frequency , \omega ');
115 axis([-pi pi 0 w_max ]);axis square

116
117 figure (2);

118 plot(X,real(U(1,:)),'k','LineWidth ' ,1);


















































































































119 dt=2*pi /(20* w_target);

120 T_end =2*pi*n_period/w_target;

121 for j=1: floor(T_end/dt)

122 figure (3);

123 plot(X,real(U(1,:).*exp(-i*w_target *(j-1)*dt)),'k','LineWidth
' ,1);

124 axis([min(X) max(X) -1 1]);

125 axis square;

126 drawnow;

127 end
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TOPIC 8: 
Finite Differences and 
Numerical Integration 

 
 
 
 
 
 






































































































































Lastclass we covered Hamilton and Lagrange's energy basedmethods far derivingthe Eon of
a system Of course we derivethese equations withthe intentto solvethem in orderto predict
and analysethe evolution ofthesystem at handHowever an exactsolution is oftendifficult to
formulateexceptforspecific or verysimplifiedexamplesTherefore a numberof approximate
numerical schemes havebeendevelopedToday we considerthebasicsofthefinitedifference
method

Thegoalof theFDM is thereplacementofthedifferentialequationby a systemofalgebraicones
First we discretize the problemdaman andthensubstitutethederivativeswithfinitedifference
approximations

the solution

f j

d

In general thedomaindoesnotneedto be divided
intoeven intervals but it ismostconvenient

If fexsvaries significantlybetweenpivotpoint
the intervalh should be reduced aspartofx

off
xo th n b

convergencestudy

A numberofmethodsmaybeapplied to approximatethederivatives we choosetheTaylerexpansion
about x Xo

Sexoth Sexo I hf xo If xo Itff xo t tf f exo t ochC truncation error
Thus for 1storderTaylorexpansionwith we have

Sexoth fexo th fexo Ochs fexo f xthy f x Info forwarddifference

f xo h fexo hfexo Ochs flex f xo fexo h fonth
backward difference

f x th Sexo h 2h f x Ochs f x f x th fix h fight2h
centraldifference

Wecanalsoformulate approximations at 01h4 but let's proceed withthecentraldifferencemethod
to approximate f x

Sexoth f x h 28xo h f Xo 01h2 f Xo Sexoth Lf xo Sexoh
h2

Foran arbitrary pivotpoint x f fit 2fi t fi r

Usinganyofthedifferenceschemes we can approximate a derivative at pivotpoint x with i l N
In general we can usetheseschemes as formulated howevertheboundaries i I N requirespecial
attention to accommodate thepossibility of xofo and xn far






































































































































flexis fight
flexi fightfix

g If I fitff
bothdary FEW bothdary

foand f donotexist Carebeyondthedomain To accommodatethem wegenerallyhavethreeoptions
periodic DirichletandNeumann note theseare numericalBcsnotphysicalBcs

Periodic fo fs and f f
Dirichlet fo O and f O assumes solution decaysto zero fromtheinterior

Neumann fo f andfats assumesfunctionvarieslinearlybeyondtheboundarytherefore second
orderandhigherderivatives vanish

OthercustomBcs maybeapplied as well

Use finitedifferences to solve It x f x 0 on theinterval xet with physical Bcs
Leos 0 and fed 0

If x f x 0 s fix 2 t fi i t Xifi xi 0 i l N

LettherebeNpivotpoints and so h bye Let N 5 and so h ty

forpersonalaestheticreasons

i

i

i 2 f 28 f 16 0.25572 0.25

i 3 84 283 f 16 0.5783 0.5

i 4 fg 2f f 16 0.75784 0.75

0 2 0i 5 co 28 f la ifs l 41 8g Eoff 4 2,4

AppyingtheBcs f f o reducesthesystemofequationsafo
T






































































































































0.0413

14 1111 11 111 D
Notedonot mixschemes e.g central forwardbackward whensolvingequation Givene.g

If 24 8 0 useeitherscheme A foreachderivative or scheme B foreachderivativebutnot

scheme A for It and scheme B forJf thisencourages errors
Theequation If x f X O displaysthetypicalcomponentsof a DiffEq operatorsandfunctions

Considerthemeregeneric representation Ife alxsfex box 0

Theoperators i e derivativesscalingfunctions transformthefunctionand therefore becamematrices m
thefinitedifference representation Thefunctions i.e unknownvalues exitationfunctions becomecolumn
vectors in the FD representation

Forsinglevariablederivativesbeyondsecondorderandmixed derivativesofanyorderthere are avarietyof
alternative definitions Considerapplying the first order scheme twice in order to formulate a second
orderscheme

Fx El E E i In d 2
47 in fie a fit fi a

This scheme is lessaccuratethanthe one developedbyTaylorseries as functionvaluesfurther
fromtheevaluation site are usedto approximatethederivativeThishierarchalformulation is generally
lessaccuratethemtheTaylorderivedversion andbecomes more so withincreasing hierarchal
levelsHoweverthis is one optionformixed derivatives

f xothyot l f x hyot l 2hfx xoyotl

f x th yo l f xo h yod 2hfx xoyo d

SxXoyotd fxxoyo l 2lfxyXoyo
fayxoyo fxXoYotd fxxoyo l f xothyot l fix hyot l f x th yod f x h yo e

21 4hL

In otherwords Ex at f If 241241 ftp.ynelfin.se fast fansitfess

Noticethat FD approximations are essentially weighted sumsoffunctionvalues inthevicinity ofthe
pivotpointWe can usethiscondition inaddition to theTaylorseriesexpansionto describe a general
procedure fordeveloping a FDapproximation

STEP2 Determinethefunctionvaluesyouwishto use in theapproximation

fi fi i fit fitz stencil






































































































































STEP2 Determinethe correspondingTaylorseriesexpansion up to ordern l where n functionvalues
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Considerthegoverningequationof a homogeneous string or rodbar

Yg edgy te lo e governing equation

u 0 t O

U ft o

ECOT

teco t
boundaryconditions

ulxO Mex x e O d

ie x O Vex yecopy
initialconditions

1 Discretizetheproblemdomain in spaceandtime

WediscretizespaceintoNxpointsandtimeintoNypointsthus Ox f and Xi iox where i o Nx
similarly Ot In and tj jot with j O Nt

2 Approximatederivativesbyfinitedifferences

dy
U 2nd ut dy É qui ÉCOX

UCOt n 0 i o all t 4 0 i ND

Kyle Iggy Vexes u u Uexit G o

3 Insert FDapproximations intogoverningequationandrearrangefor u

ut yCui Luitutti n 2mi y c Courantnumber

i u 2atvex

5 Nt

therefore it mustbe at least asfastasthephysics of

4 i 24 u gyve
o

the speed Int of an mm

our problem dictatedby c thus yet stability
condition



Explicit_FDTD.m

1 clear;clc;

2
3 %% Setup - User Input

4 n_site =1001; % # sites

5
6 L=1; % domain size

7 c=26; % speed of sound

8
9 T=3/100; % total simulation time

10 eta =1/3; % Courant #

11
12 %% Mesh Definition

13 x=linspace(0,L,n_site); % mesh

14 dx=x(2); % space step

15
16 dt=eta*dx/c; % time step

17 Nt=floor(T/dt); % # time steps

18
19 i_indx =[1: n_site 1:( n_site -1) 2: n_site ];

20 j_indx =[1: n_site 2: n_site 1:( n_site -1)];

21 value =[-2* ones(1,n_site) ones(1,n_site -1) ones(1,n_site -1)];

22 K=sparse(i_indx ,j_indx ,value); % coefficient matrix

23
24 %% Explicit Time Integration

25 u_init=sparse(n_site ,1); % initial displacement

26 v_init=sparse(n_site ,1);v_init(round(n_site /2) ,1)=1; % initial

velocity

27
28 u=sparse(n_site ,Nt+1);u(:,1)=u_init; % displacement matrix;

29
30 for k=1:Nt

31 if k==1

32 u(:,2)=(eta ^2)*K*u(:,1) ./2+u(:,1)+v_init*dt;

33 else

34 u(:,k+1)=(eta ^2)*K*u(:,k)+2*u(:,k)-u(:,k-1);

35 end




































































































































41 %%%%% Plotting

42 if floor(k/15)==k/15 % plot every 15 time steps

43 plot(x,u(:,k+1),'k-','LineWidth ' ,1);
44 xlabel('Position , x');ylabel('Displacement , u');
45 title (['t/T = ',num2str(round(k/Nt ,3))]);
46 axis ([0 L -1e-5 3e-5]);

47 drawnow;

48 end

49 end
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Newmark-β Integration Scheme
Michael J. Frazier, University of California, San Diego

1 Explicit Time Integration

Over the past couple lectures, we have developed the basics of numerical integration via the
method of finite differences and even applied this tool toward the solution (i.e., simulation)
of a string with a propagating disturbance. This example was a demonstration of an explicit
integration scheme, i.e., one in which the solution at a later time step (i.e., uj+1, u̇j+1, üj+1)
depends on the current conditions (i.e., uj, u̇j, üj) or earlier. Now, let’s consider a more general
dynamic system than the string, one in which spatial discretization is accomplished via the finite
element method, yielding:

Mü + Cu̇ + fint(u) = fext(t),

where fint(u) and fext(t) are internal and time-depended (i.e., excitation) forces, respectively.
Let’s assume a linear force-displacement relation for the internal forces, fint(u) = Ku, thus:

Mü + Cu̇ + Ku = fext(t). (1)

2 Implicit Time Integration

2.1 Linear Acceleration Scheme

In the derivation of the previous explicit, time integration scheme, we replaced the derivatives u̇
and ü with their finite difference approximations stemming from Taylor expansions. Now, let’s
try an alternative route. Assume the acceleration varies linearly over a given time increment,
then:

ü(τ) = üj +
τ − t0

∆t
(üj+1 − üj) t0 ≤ τ ≤ t0 + ∆t,

where τ is a dummy variable. Next, we integrate the dummy variable, τ , over the time step,
i.e., from t0 to t0 + ∆t. Just as in undergraduate dynamics, we integrate once to arrive at the
velocity and a second time to determine the displacement:∫ t0+∆t

t0

ü(τ)dτ = u̇j+1 − u̇j = üj∆t+
∆t

2
(üj+1 − üj) (2a)∫ t0+∆t

t0

∫
ü(τ)dτ = uj+1 − uj = ∆tu̇j +

(∆t)2

6
(üj+1 + 2üj), (2b)

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.2 Average Acceleration Scheme

Now, let’s assume a constant, averaged acceleration over the time increment ∆t given by

ü(τ) =
1

2
(üj+1 + üj) t0 ≤ τ ≤ t0 + ∆t

1



Now, we integrate the dummy variable, τ , over the time step. Integrating once yields the velocity;
yet again gives the displacement:∫ t0+∆t

t0

ü(τ)dτ = u̇j+1 − u̇j =
∆t

2
(üj+1 + üj)∫ t0+∆t

t0

∫
ü(τ)dτ = uj+1 − uj = u̇j∆t+

(∆t)2

4
(üj+1 + üj),

or, by solving for u̇j+1 and uj+1 in the previous:

uj+1 = uj + u̇j∆t+
(∆t)2

4
(üj+1 + üj) (4a)

u̇j+1 = u̇j +
∆t

2
(üj+1 + üj) (4b)

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.3 The Newmark-β Scheme

For the Newmark-β scheme, we essentially combine the results of the linear and averaged accel-
eration techniques. Consider the displacement definitions in Eqs. (2a) and (4a). Each of these
may be represented by a single equation with the aid of a tuning variable, β ∈ [1

3
, 1

2
]:

uj+1 = uj + u̇j∆t+
(∆t)2

2

[
βüj+1 + (1− β)üj

]
, (5)

where β = 1/3 and β = 1/2, respectively, yield the linear and averaged definitions. Intermediate
values result in a scheme that is a little bit of both, and β determines whether the scheme is more
of the linear acceleration assumption or the average acceleration assumption. Values outside this
range are meaningless and may result in either an unstable or less accurate scheme.

For the velocity, equations (2b) and (4b) are identical; however, notice that if the üj+1 term
were absent, then we would have an explicit scheme (since the updated condition depends on
current or earlier conditions). Introducing the variable, γ ∈ {0, 1

2
}, we can combine the explicit

and implicit definitions:
u̇j+1 = u̇j + ∆t

[
γüj+1 + (1− γ)üj

]
, (6)

where γ = 0 and γ = 1
2
, respectively, yield the explicit and implicit definitions.

• Linear Acceleration, (β, γ) =
(

1
3
, 1

2

)
• Average Acceleration, (β, γ) =

(
1
2
, 1

2

)
• Explicit, (β, γ) = (0, 0)

Ultimately, we are interested in the updated displacement, uj+1, when solving Eq. (1). We will
accomplish this following a series of substitutions. First, let’s solve Eq. (5) for üj+1:

üj+1 =
1

β

[
2

(∆t)2
(uj+1 − uj −∆tu̇j)− (1− β)üj

]
, (7)

2



and then substitute this into Eq. (6), giving:

u̇j+1 = u̇j +
∆t

β

[
2γ

(∆t)2
(uj+1 − uj −∆tu̇j) + (β − γ)üj

]
. (8)

Now, u̇j+1 and üj+1 are each a function of uj+1. As we have done before, we replace the
derivatives in Eq. (1) with these definitions and manipulate the result into the form below:[

2

β(∆t)2
M +

2γ

β∆t
C + K

]
uj+1 =

[
2

β(∆t)2
M +

2γ

β∆t
C

]
uj +

[
2

β∆t
M +

(
2γ − β
β

)
C

]
u̇j + . . .

+

[(
1− β
β

)
M + ∆t

(
γ − β
β

)
C

]
üj + fext(j∆t).

(9)

From here, the implementation essentially follows the same procedure outlined in Sec. 1. For the
Newmark-β method, Step 2 is slightly modified so that uj+1 is substituted into üj+1 and u̇j+1,
Eqs. (7) and (8), respectively.

3



Implicit_FDTD.m

1 clear;clc

2
3 %% Setup - User Input

4 n_sites =101;

5
6 m=1;

7 k=1;

8
9 eta =1/5;

10
11 dx=1;

12 T=1e4;

13
14 B=1/4;

15 g=1/2;

16
17 %% Mass and Stiffness Matrices

18 i_indx =1:( n_sites -2);

19 j_indx =1:( n_sites -2);

20 v=m*ones(1,n_sites -2);

21 M=sparse(i_indx ,j_indx ,v);

22
23 i_indx =[1:( n_sites -2) 1:( n_sites -3) 2:( n_sites -2)];

24 j_indx =[1:( n_sites -2) 2:( n_sites -2) 1:( n_sites -3)];

25 v=k*[2* ones(1,n_sites -2) -1*ones(1,n_sites -3) -1*ones(1,n_sites

-3)];

26 K=sparse(i_indx ,j_indx ,v);

27
28 %% Newmark -B Preliminaries

29 %%%%% Preliminary Calculations

30 c0=sqrt(k/m);

31 dt=eta*dx/c0;

32 Nt=ceil(T/dt);

33
34 %%%%% Initial Conditions

35 u=zeros(n_sites -2,Nt+1);

36 v=zeros(n_sites -2,Nt+1);v(round ((n_sites -2) /2) ,1)=1;

37 a=zeros(n_sites -2,Nt+1);




































































































































41 %%%%% Matrix Coefficients

42 C1=2*M./(B*dt^2)+K;

43 C2=2*M./(B*dt^2);

44 C3=2*M./(B*dt);

45 C4=(1 -2*B)*M./B;

46
47 %% Newmark -B Scheme

48 for k=1:Nt

49 u(:,k+1)=C1\(C2*u(:,k)+C3*v(:,k)+C4*a(:,k));

50 v(:,k+1)=v(:,k)+dt *(((2*B-g)/(2*B))*a(:,k)+...

51 (g/(B*dt^2))*(u(:,k+1)-u(:,k)-v(:,k)*dt));

52 a(:,k+1)=(u(:,k+1)-u(:,k)-v(:,k).*dt)./(B*dt^2)-...

53 (1-2*B)*a(:,k)./(2*B);

54
55 %%%%% Plotting %%%%%

56 figure (1);

57 if floor(k/2)==k/2

58 plot (0:( n_sites -1) ,[0;u(:,k+1);0],'k.-','LineWidth ' ,1);
59 axis ([0 n_sites -1 -1 1]);

60 drawnow;

61 end

62 end




































































































































TOPIC 9: 
Fourier Series and 

Transform 




























































































Recallthattheeigenvectors lie modeshapes of a discretesystemFi i l n are orthogonal

andthus form an n dimensionalbasisfromwhichanydiscretedisplacementsolution canbe
constructed

i X Si orthonormal vectors

For a continuoussystemtheeigenfunctions lie madeshapes Pica are alsoorthogonal and
form a basisthat can construct a generalsolution

fix fix dx as orthonormal functions note

1 1109,111 111 Iedsmanshapes is specifictothedomain xe la b

TheFourierseries expansion is theapproximationof a function fixbytheweighted sumof sines
and cosinesSince sines and cosines are smoothperiodicfunctionstheapproximation is exact
forfix that arealsosmoothandperiodic
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TheFourierseries expansion leveragestheorthogonalityrelationsofsinesandcosines over the
interval xel na na whichallowsthemto serveas basisfunctionsforbuilding fix
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Fourier_Expansion.m

1 clear;clc;
2
3 %% Setup - User Input
4 L=pi;
5 p=1001;
6
7 N=8;
8
9 %% Preliminary Calculations
10 x=linspace(-L,L,p);
11
12 f=f_sm(x);
13
14 %% Fourier Expansion
15 a0=(1/pi)*trapz(x,f);
16 f_fs=a0/2;
17
18 a=zeros(1,N);
19 b=zeros(1,N);
20 for n=1:N
21 a(n)=(1/pi)*trapz(x,f.*cos(n*x));
22 b(n)=(1/pi)*trapz(x,f.*sin(n*x));
23
24 f_fs=f_fs+a(n)*cos(n*x)+b(n)*sin(n*x);
25 end
26
27 %% Plotting
28 figure (1);
29 plot(x,f,'k',x,f_fs ,'r:','LineWidth ' ,2);
30 xlabel('x');ylabel('f_{sm}');
31 title (['n = ',num2str(N)]);
32 legend('f(x) exact ','f(x) approx.');
33 axis([-L L -1.25 1.25]);axis square;
34
35 %% Function Definitions
36 function y=f_sm(x)
37 y=cos (5*x).*(1 -(x./pi).^4) .^2;
38 end
39 function y=f_nonsm(x)
40 y=heaviside(x+pi/2)-heaviside(x-pi/2);
41 end





































































































































































































































Let'sconsiderthe case of a periodicfunction fex withperiod i thus fix nd 811
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ao 41 fix dx an 1 fix cos nix dx bn 1 fax sin nex dx
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Let kn 2mn d na 4127define a ID lattice in wavenumberspacewith forconvenience
uniformspacing DK Knt kn 2T d

in As I see Ok becomesarbitrarilysmall so that
DK r dk and the discreteon approximates
a continuousfunction

Thegraph is symmetricaboutn o
d

g k z ka ko k k
kn

an Iliffe e in dx 1Iffye dx

fix acne 121Iffye dye Ok

1IffaneimoyanffeneinditcKT

integralby a finitesum In this case over an arbitrarysubinterval onemayapproxmatethe
integral asthearea of a rectanglewithbase Dia andheight Fae

i ii
Thespatialperiod I neednotbe a finitevalue As 1 soo Ok disand knapproximates
a continuousvariable K

generalization ofthecomplex
Fourierserieswithdoo

F fu FCK Ifex e dx Fouriertransform

note thesubstitutions x t t Tand is w transformtheaboveformulations
at leastnotationally fromspaceto time

note if we performthesubstitution in s then we
arrive at the bilateral Laplacetransform Lifex Fess L fix e dx




























































































Mathematician'sConvention Engineer'sConvention Symmetric Physicist's Convention

fix 211 Faa e dk

Life e ing

Fasleiated

Lfaxe
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It Fck end

FCK Iffye dx

considertheFouriertransformoftheGaussian fa é 2 0
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budwhere lab 2 ik

Is Ik

I
K

TheFouriertransform of a Gaussian is also a Gaussian Noticethat fix approaches an impulse
as a 500 simultaneously FCK approaches a constant

ConsidertheFouriertransformof f x Sixxd

FCK SSex xpe dx e in

fix a In

my
x k

If we compareplotsoffax Six andits Fcfext we observethelocalized spike of feetandthe
uniformdistributionthat is Fcfext Thisillustratesthecomplementarityofrealspaceand
reciprocalspaceThisalsogives a mathematicaljustification fortheimpacthammerinstructural
dynamicstests the impulse in timeprovidedbythehammerexcitesalltemporalfrequenciesequally




























































































ConsidertheFouriertransformof fix c

FCK cffeit'dx c cos Kx isinCkx dx is undefined fork 0 since
theintegrandoscillates
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Thisresultshouldbeexpected since a constantsignalshouldhave no frequencycontent
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Fourier_Transform.m

1 clear;clc;
2 i=sqrt(-1);
3
4 %% Setup - User Input
5 lambda =2*pi;
6 N_base =11;
7
8 mult =10;
9
10 p=1001;
11
12 %% Preliminary Calculations
13 lambda=lambda*mult;
14 k0=2*pi/lambda;
15 N=ceil((N_base -1)/k0)+1;
16 x=linspace(-lambda/2,lambda/2,p);
17 fx=f(x);
18
19 %% Fourier Transform
20 kn=zeros(1,N);
21 Fn=zeros(1,N);
22 for n=0:(N-1)
23 kn(n+1)=n*k0;
24 Fn(n+1)=abs(trapz(x,fx.*exp(i*kn(n+1)*x)));
25 end
26 Fn=Fn./max(Fn);
27
28 %% Plotting
29 x_fine=linspace(-lambda/2,lambda /2 ,10001);
30 f_fine=f(x_fine);
31
32 figure (1);
33 subplot (2,1,1);
34 stem(kn ,Fn ,'Marker ','.','MarkerSize ',10,...
35 'Color ','k');
36 xlabel('\kappa_n ');ylabel('F(\ kappa_n)');
37 legend (['N = ',num2str(N)]);
38 axis ([0 N_base -1 0 1.1]);


























































































39 subplot (2,1,2);
40 plot(x_fine ,f_fine ,'k',x,fx ,'r.-','LineWidth ',1,...
41 'MarkerSize ' ,13);
42 xlabel('x');ylabel('f(x)');
43 legend('p=10001 ',['p = ',num2str(p)]);
44 axis ([[-1 1].*(1/ mult).*( lambda /2) -2.5 2.5]);
45
46 %% Function Definitions
47 function y=f(x)
48 y=cos (3*x)./2+ sin (5*x)+2* cos (9*x)./3+0* rand(size(x));
49 % y=isinf(dirac(x));
50 end
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