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TOPIC 1:
Principles of Dynamics
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TOPIC 2:
Vibration in
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- AIB‘GLUOH' +A7_[S|€L X = Lt _\_Alglet(Kx 1123 N Aleze'clm-(—w‘ﬂ

. 3 -- 3 . - ‘o -
- CIGLUOH'W'\‘ + Cle’ LR+t % C’se(.(l(x ) + qu HEYER))

= ["Jf-o& (k) * Xsin (o)WY eos e + Zsin (b))
T L Seom kol eonditions

vam )omvv\af\/ condrhons
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T2 the d 1« Boed o Woth onds, hen P(O)= PD= O
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TOPIC 4:
Properties of Waves
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TOPIC 5:
Lattice Waves



Our’ olpgehie 16 Yo leamn about e tare nature, o lukhee uibractions. A%m Reus en 10
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Siree sourd lases cen p(bpaeade n enslalline dds compnan aloms/molecdes arnan m a
lathce and ther wewr ase ruch longer then the la-\-hig. spoang, the Alogue -esleulated
phase veloeries are with dhe saund speed and, dervtes thne “acausne’ Srequenoy \oond.



Brillouin_Zone.m

clear;clc;

%% Setup - User Input
k=pi/1.5;
N=3;

Xx_min=-1xpi;
x_max=1x*xpi;
x_pts=201;

%% Calculations
x=linspace(x_min,x_max,x_pts);
x_int=round (x_min,0) : round (x_max ,0) ;

for j=1:N
for phi=linspace(0,2*pi,101)

plot(x,cos ((k+2*pi)*x-phi),'r:"',x,cos(k*x-phi),'b"',...
x_int ,cos(k*x_int-phi), 'k.'
'"LineWidth',2, 'MarkerSize' ,30);

xlabel ('Position, x');ylabel('Displacement, u');

axis([x_min x_max -1.25 1.25]);

legend ('\kappa''=\kappa+2\pi',['\kappa=',num2str(k)],...

'mass', 'Location', 'northoutside', 'NumColumns',b3);
daspect ([1 1 11);
drawnow;

end
end
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DiAtomic_Waveform.m

clear;clc;
i=sqrt(-1);
Syms gamma W

%% Setup - User Input
ml=1;
m2=2;
k=1;

w_min=0; w_max=2;
w_div=1001;

w_target=1.68;

n_cells=20;

%% Mass and Stiffness Matrices
M=diag ([0 ml m2]);

K=k*x[1 -1 0;-1 2 -1;0 -1 1];
%%h Calculations

T=[0 gamma;1 0;0 1];

Th=[0 1 0;1/gamma 0 1];

D=solve (det (Th*(-(w~2)*M+K)*T)==0, gamma) ;
str=strcat('0(w)',string(D(1)));

g=str2func(str) ;

%% Dispersion
clear w;

ka_real=nan(l,w_div+1);
ka_imag=nan(1l,w_div+1);

[w,indx]=sort ([w_target,linspace(w_min,w_max,w_div)]);

indx=max ((indx==1) .*(1:(w_div+1)));




for j=1:(w_div+1)
ka_real (j)=abs(real (i*xlog(g(w(j)))));
ka_imag(j)=abs (imag(i*xlog(g(w(j)))));

if j==indx
ka_target=ka_real (j)+i*ka_imag(j);
end
end

%% Waveform
U=[1; (2*xk-ml*xw_target~2)/(k*(1+g(w(indx))))]; ' mode shape

u=nan(2,n_cells);u(:,1)=U;

for j=2:n_cells
u(:,j)=U.*xexp(i*(j-1)*ka_target);

end

u=u./max(real(u),[], 'all');

%% Plotting
figure (1) ;
plot(-ka_imag,w, 'r',ka_real ,w,'k',...
[0 0],[0 w_max],'k','LineWidth',2);
xlabel ('Wavenumber, \kappaa');ylabel('Frequency, \omega');
axis ([-pi/2 pi O w_max]);
legend ('Im(\kappaa)', 'Re(\kappaa)');

figure (2);

plot(l:n_cells,real(u(l,:)), 'r:."'",. ...
1:n_cells,real(u(2,:)),'b:.",
'"MarkerSize' ,15) ;

xlabel('Cell No.');ylabel('Displacement, u');

title(['\omega = ',num2str(w_target)]);

axis ([1 n_cells -1 1]);

legend('m_1','m_2"');
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TOPIC 6:
Crystal Structure
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Table 1.1: Bravais lattices in three-dimensions.
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SQR_Lattice_Dispersion.m

%%h%%%h Nearest-neighbor coupling only.
clear;clc;

%% Setup-User Input
m=1;
k=1;

ka_div=51;

%% Calculations
[kxa,kyal=meshgrid(linspace(-pi,pi,ka_div));
w=sqrt (2xk*x(2-cos (kxa)-cos (kya))/m);

[kxa_q,kya_q]l=meshgrid(linspace(-pi,pi,21));
w_q=sqrt (2*xk*(2-cos (kxa_q)-cos(kya_q))/m);

dwq_dkxa=(k*sin(kxa_q)) ./ (m*w_q) ;
dwqg_dkya=(k*sin(kya_q)) ./(m*w_q);

%% Plotting

figure (1) ;

surf (kxa,kya,w) ;

xlabel ('\kappa_xa');ylabel ('\kappa_ya');
zlabel ('Frequency, \omega');

axis([-1 1 -1 1].%pi);axis square;
colormap (jet) ;

figure (2);

contour (kxa,kya,w,9, 'k',...
'ShowText','on','LineWidth',1) ;hold on;

quiver (kxa_q,kya_q,dwq_dkxa,dwq_dkya, 'b');hold off;

xlabel ('\kappa_xa');ylabel ('\kappa_ya');

axis square;
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SQR_Lattice_Simulation.m

clear;clc;

%% Setup-User Input
n_sites_x=101;
n_sites_y=101;

m=1;
k=1;

A=1/20;

w=2; %=3/4,2,2.5

dt=1e-1; % time increment
n_time_steps=4e2;

%% Connectivity
n_sites=n_sites_x*n_sites_y;

[x,yl=meshgrid(l:n_sites_x,l:n_sites_y);

LFT=(reshape(x,[1,n_sites])==1) .x(1:n_sites);LFT(LFT==0)=[];

RGT=(reshape(x,[1l,n_sites])==n_sites_x).*(l:n_sites);RGT (RGT==0)
=]

BTM=(reshape(y,[1,n_sites])==1) .*x(1:n_sites) ;BTM(BTM==0)=[];

TOP=(reshape(y,[1,n_sites])==n_sites_y) .*(1l:n_sites) ; TOP(TOP==0)
=[];

N=repmat ((1:n_sites)',[1 4]);
N(C:,1)=N(:,1)+n_sites_y;
N(C:,2)=N(:,2)+1;
N(C:,3)=N(:,3)-n_sites_y;
N(C:,4)=N(:,4)-1;

N(RGT,1)=RGT';
N(TOP,2)=TOP';
N(LFT,3)=LFT';
N(BTM,4)=BTM';

x=x-51;y=flipud(y) -51;




%% Mass and Stiffness Matrices
M=sparse(l:n_sites,l:n_sites ,m*ones(l,n_sites));
K=zeros(n_sites) ;
for j=1:n_sites

K(j,N(j,:))=-k;
end
K=sparse (K+diag (-sum(K,2)));

%% Bathe Preliminaries

%%h%%% Integration parameters

p=0.54;q91=(1-2xp) /(2*%p*(1-p));q2=1/2-p*ql;q0=1/2-q1-q2;
a0=pxdt;a3=(1-p)*dt;al=(a0"2)/2;a2=a0/2;
a4=(a3"2)/2;ab=q0*a3;a6=(1/2+ql)*a3;a7=q2*a3;

%%%%% Initial conditions
indx=round (n_sites/2);

un=spalloc(n_sites,1l,n_sites); 7’ displacement
vn=spalloc(n_sites,l,n_sites);vn(indx)=w*A; 7 velocity
an=spalloc(n_sites,l,n_sites); ) acceleration

%% Bathe Scheme

for j=2:n_time_steps
% First sub-step
up=un+alO*vn+alx*an;

fp=-K*xup;

ap=M\fp;
vp=vn+a2*(an+ap) ;

% Second sub-step
un=up+ad*vp+ad*ap;
un (indx)=A*sin(w*x(j-1)*dt);

ft=-K*un;
anl=an;
an=M\ft;

an (indx)=-(w~2) *Axsin (wx(j-1) *xdt) ;

vn=vp+ab*anl+ab*ap+a7*an;
vn (indx)=wkxA*xcos (w*x(j-1)*dt);
end




ht% Plotting
figure (1) ;
contourf (x,y,reshape(un, [n_sites_y,n_sites_x]),...
200, 'EdgeColor ', 'none');
xlabel ('Position, x/a');ylabel('Position, y/a');
title(['\omega = ' num2str(w) '; t = ' num2str(floor ((j-1)*dt)) '
s'1);
axis ([-50 50 -50 50]);axis square;
colormap (jet);clim([-A A]./10);
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TOPIC 7:
The Transfer
Matrix Method
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TMM_Rod_Dispersion_and_Waveform.m

clc;clearvars;
i=sqrt(-1);

%% Setup-User Input
d=[0.0025;0.005;0.0025];
E=[2e9;2e11;2e9]./(1el11);
rho=[1e3;3e3;1e3]./(1el1l1);

w_min=0.01;
w_max=20eb5;
w_div=1e4;

w_target=309107/1;

n_period=5;

n_cell=29;

n_wavelength=1; 7 Supersedes n_cell unless set to O

%% Transfer Matrix Solution
cO_sqrd=E./rho;
cO0=sqrt(cO_sqrd) ;
d_cell=sum(d) ;

n_layer=length(d);

cnt=0;

krd=zeros (1,w_div) ;

kid=zeros (1,w_div) ;

for w=unique(sort([linspace(w_min,w_max,w_div) w_target]))
cnt=cnt+1;

hhhhh T-Matrix %hhhh

T=eye (2);

for j=n_layer:-1:1
k=w/c0(j);
Z=k*E(j);

T=T*[cos (k*xd(j)) (1/Z)*sin(k*xd(j));...

-Z*sin(k*d(j)) cos(k*d(j))];
end

[zL1,expkd]=eig(T,eye(2)); expkd=diag(expkd) ;




krd(cnt)=abs(real(-i*xlog(expkd(1,1))));
kid(cnt)=abs (imag(-i*xlog(expkd(1,1))));

if w==w_target
krd_target=krd(cnt) ;
kid_target=kid (cnt) ;
kd_target=krd(cnt)+ixkid (cnt) ;
zL1_target=zL1(:,1);
end
end

%% Mode Shape
hhthth Amplitude
xL=cumsum ([0,d(1l:end-1) ']1);

T=eye (2);

A=zeros(2,n_layer);

B=zeros (2,2,n_layer) ;

k=zeros(1l,n_layer);

for j=1:n_layer
k(j)=w_target/c0(j);
Z=k (j)*E(j);

B(:,:,j)=[1 1;ixZ -ixZ];
C=diag ([exp(i*k(j)*xL(j)) exp(-ix*k(j)*xL(j))1);
AC:,j)=(B(:,:,j)*C)\T*xzL1_target;

T=[cos(k(j)*d(j)) (1/Z)*sin(k(j)*d(j)); ...
-Z*sin(k(j)*d(j)) cos(k(j)*d(j))I*T;
end

%%h%%% Unit Cell Field
cnt=1,;
u=B(:,:,1)*xA(:,1);
x=0;




for j=1l:n_layer
for m=linspace(0,d(j) ,100)
if m™=0
cnt=cnt+1;

C=diag([exp (i*k(j)*(xL(j)+m)) exp(-ixk(j)*(xL(j)+m))
1)
u(:,cnt)=B(:,:,j)*C*xA(:,j);
x(cnt)=xL(j)+m;
end
end
end

hhhhh Waveform

lambda=0;

if n_wavelength>0
lambda=2*pi*d_cell*n_wavelength/krd_target;
n_cell=ceil(lambda/d_cell);

end

X=x;U=u;
for j=2:n_cell
X=[X,x(2:end)+(j-1)*d_cell];
U=[U,u(:,2:end) .xexp(i*(j-1)*kd_target)];
end
if lambda>0
X(X>lambda)=[];
U=UC(:,1:numel (X)) ;
end

%% Plotting
w=unique (sort ([linspace(w_min,w_max,w_div) w_target]));

figure (1) ;
plot (-kid,w,'r' ,krd,w, 'k',...
-kid_target ,w_target, 'ro',...
krd_target ,w_target, 'ko',...
[0 0],[0 w_max],'k','Linewidth',61);
xlabel ('Wavenumber, \kappaa');ylabel('Frequency, \omega');
axis ([-pi pi O w_max]);axis square

figure (2);
plot(X,real(U(l,:)),'k','LineWidth',1);




dt=2xpi/(20*xw_target) ;
T_end=2*pi*n_period/w_target;

for

end

j=1:floor(T_end/dt)

figure (3);

plot(X,real (U(1l,:) .*xexp(-i*xw_target*(j-1)*dt)),'k', 'LineWidth
',1);

axis([min(X) max(X) -1 1]);

axis square;

drawnow;
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TOPIC 8:
Finite Differences and
Numerical Integration
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Explicit_FDTD.m

clear;clc;

%% Setup - User Input
n_site=1001; % # sites

L=1; % domain size
c=26; 7% speed of sound

T=3/100; % total simulation time
eta=1/3; % Courant #

%% Mesh Definition
x=linspace(0,L,n_site); 7 mesh
dx=x(2); % space step

dt=etax*dx/c; 7 time step
Nt=floor(T/dt); % # time steps

i_indx=[1:n_site 1:(n_site-1) 2:n_site];

j_indx=[1:n_site 2:n_site 1:(n_site-1)1];
value=[-2*%ones(1,n_site) ones(l,n_site-1) ones(l,n_site-1)];
K=sparse(i_indx,j_indx,value); 7 coefficient matrix

%% Explicit Time Integration

u_init=sparse(n_site,1); 7% dinitial displacement

v_init=sparse(n_site,1);v_init(round(n_site/2) ,1)=1; 7 initial
velocity

u=sparse(n_site,Nt+1);u(:,1)=u_init; % displacement matrix;

for k=1:Nt
if k==
u(:,2)=(eta"2)*K*xu(:,1) ./2+u(:,1)+v_init*dt;
else
u(:,k+1)=(C(eta"2) *K*u(: ,k)+2*xu(: ,k)-u(: ,k-1);
end




end

%h%%h%h Plotting

if £

end

loor (k/15)==k/15 %, plot every 15 time steps
plot(x,u(:,k+1),'k-",'LineWidth',1);

xlabel ('Position, x');ylabel('Displacement, u');
title(['t/T = ',num2str (round (k/Nt,3))]1);

axis ([0 L -1e-5 3e-5]);

drawnow;
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Newmark-3 Integration Scheme
Michael J. Frazier, University of California, San Diego

1 Explicit Time Integration

Over the past couple lectures, we have developed the basics of numerical integration via the
method of finite differences and even applied this tool toward the solution (i.e., simulation)
of a string with a propagating disturbance. This example was a demonstration of an explicit
integration scheme, i.e., one in which the solution at a later time step (i.e., w/™!, @1 @/T1)
depends on the current conditions (i.e., v/, @/, ii/) or earlier. Now, let’s consider a more general
dynamic system than the string, one in which spatial discretization is accomplished via the finite
element method, yielding:
Mii + Cua + fint<u) = fext (t)a

where fi(u) and fo(t) are internal and time-depended (i.e., excitation) forces, respectively.
Let’s assume a linear force-displacement relation for the internal forces, fi,;(u) = Ku, thus:

Mii + Cit + Ku = £, (1). (1)

2 Implicit Time Integration

2.1 Linear Acceleration Scheme

In the derivation of the previous explicit, time integration scheme, we replaced the derivatives
and 1 with their finite difference approximations stemming from Taylor expansions. Now, let’s
try an alternative route. Assume the acceleration varies linearly over a given time increment,
then: .
ii(r) = i/ + %(ﬁ”l @) to <7 <to+ Al

where 7 is a dummy variable. Next, we integrate the dummy variable, 7, over the time step,
i.e., from ¢y to ty + At. Just as in undergraduate dynamics, we integrate once to arrive at the
velocity and a second time to determine the displacement:

to+At i e e At i1 .
G(r)dr — W @ = WA+ S i) (20)
t
o+ AL , : (AL ;
/ /ﬁ(T)dT _ u]+1 —u = At + T(ﬁjJrl + 2{'1])’ (Qb)
to

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.2 Average Acceleration Scheme
Now, let’s assume a constant, averaged acceleration over the time increment At given by

1 . .
(1) = 5(iiﬂ“ +i)  ty <71 <tg+ At



Now, we integrate the dummy variable, 7, over the time step. Integrating once yields the velocity;
yet again gives the displacement:

to+At ) At
/ i(r)dr =0t — o = >

to+At ) ) At 2 ) )
/ / F)dr = Wt — W :ﬁJAtJr%(ﬁ”leijj),

or, by solving for /! and u/*! in the previous:

(ﬁj+1 + ﬁj)

Wt = w4 WAL+ %(ﬁﬂ“ i) (4a)
) ) At . .
W =i S i) (4b)

We could stop here and insert these definitions into the Eq. (1) to develop an implicit update
rule, but lets continue.

2.3 The Newmark-5 Scheme

For the Newmark-( scheme, we essentially combine the results of the linear and averaged accel-
eration techniques. Consider the displacement definitions in Eqs. (2a) and (4a). Each of these
may be represented by a single equation with the aid of a tuning variable, 5 € | é, %}

j+1 (A )? 1y . j
wt = o + WAL+ ——— [pWT + (1 - B)W], (5)

where = 1/3 and 8 = 1/2, respectively, yield the linear and averaged definitions. Intermediate
values result in a scheme that is a little bit of both, and S determines whether the scheme is more
of the linear acceleration assumption or the average acceleration assumption. Values outside this
range are meaningless and may result in either an unstable or less accurate scheme.

For the velocity, equations (2b) and (4b) are identical; however, notice that if the i/ term
were absent, then we would have an explicit scheme (since the updated condition depends on
current or earlier conditions). Introducing the variable, v € {0, %}, we can combine the explicit
and implicit definitions:

Wt =0/ + At [7iij+1 +(1-— v)ﬁj] , (6)

where v = 0 and v = %, respectively, yield the explicit and implicit definitions.

e Linear Acceleration, (3,7) = (% %)

e Average Acceleration, (5,7) = (% %)

e Explicit, (5,7v) = (0,0)

Ultimately, we are interested in the updated displacement, u/™!, when solving Eq. (1). We will
accomplish this following a series of substitutions. First, let’s solve Eq. (5) for ii/*!:

it = l 2

B (At)2(uj+1 —w — At) — (1 - B)iY |, (7)




and then substitute this into Eq. (6), giving:

C il . 41 . .
W =0+ 5 l(At)Q (W —u! — At) + (8 — v)uj} . (8)
Now, w/'! and #i/*! are each a function of uw/*!. As we have done before, we replace the
derivatives in Eq. (1) with these definitions and manipulate the result into the form below:

2 2y 1 2 2y ) 2 2y — y
—B(At)QM‘FmC‘FK]uJ—H—|:/B(At)2M+mC:|uj+|:@M+< 5 >C}uj+...

+ K%) M + At (%) C} i + for (JAL).

(9)

From here, the implementation essentially follows the same procedure outlined in Sec. 1. For the
Newmark-3 method, Step 2 is slightly modified so that u/*! is substituted into /™! and /*!,
Egs. (7) and (8), respectively.



Implicit_FDTD.m

clear;clc

%% Setup - User Input
n_sites=101;

m=1;
k=1

b

eta=1/5;

dx=1;
T=1e4;

B=1/4;
g=1/2;

%% Mass and Stiffness Matrices
i_indx=1:(n_sites-2);
j_indx=1:(n_sites-2);

v=m*ones (1,n_sites-2);
M=sparse (i_indx,j_indx ,Vv);

i_indx=[1:(n_sites-2) 1:(n_sites-3) 2:(n_sites-2)];

j_indx=[1:(n_sites-2) 2:(n_sites-2) 1:(n_sites-3)];

v=k*[2*xones(1,n_sites-2) -1*ones(l,n_sites-3) -1*ones(l,n_sites
-3)1;

K=sparse(i_indx,j_indx ,Vv);

%% Newmark-B Preliminaries
hhhth Preliminary Calculations
cO0=sqrt(k/m) ;

dt=etax*xdx/cO;

Nt=ceil (T/dt) ;

%%%%% Initial Conditions
u=zeros(n_sites-2,Nt+1);
v=zeros(n_sites-2,Nt+1) ;v(round((n_sites-2)/2) ,1)=1;
a=zeros(n_sites-2,Nt+1) ;




%%%h%% Matrix Coefficients

Cil=
C2=
C3=
C4=

"o

for

end

2xM./(Bxdt ~2) +K;
2xM./ (Bxdt ~2) ;
2%M./(Bxdt) ;
(1-2xB)*M./B;

Newmark-B Scheme

k=1:Nt

u(:,k+1)=C1\(C2*u(: ,k)+C3*xv(:,k)+C4*xa(:,k));

v(:,k+1)=v(:,k)+dt*(((2*%B-g)/(2xB))*xa(:,k)+...
(g/(B*xdt~2))*(u(:,k+1)-u(:,k)-v(:,k)*dt));

a(:,k+1)=(u(:,k+1)-u(: ,k)-v(:,k).xdt)./(Bxdt"2)-...
(1-2xB)*a(:,k) ./ (2xB);

%%%h%h%h Plotting %%h%h%%

figure (1) ;

if floor(k/2)==k/2
plot (0:(n_sites-1) ,[0;u(:,k+1);0], 'k.-", ' 'LineWidth',1);
axis ([0 n_sites-1 -1 1]);
drawnow;

end
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Fourier Series and
Transform
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Fourier_Expansion.m

clear;clc;

%% Setup - User Input
L=pi;
p=1001;

N=8;

%% Preliminary Calculations
x=linspace(-L,L,p);

f=f_ sm(x);

%% Fourier Expansion
a0=(1/pi)*trapz(x,f);
f_fs=a0/2;

a=zeros (1,N);

b=zeros (1,N);

for n=1:N
a(n)=(1/pi)*trapz(x,f.*cos(n*x));
b(n)=(1/pi)*trapz(x,f.*sin(n*x));

f_fs=f_fs+a(n)*cos(n*x)+b(n)*sin(n*x) ;
end

%% Plotting

figure (1) ;
plot(x,f,'k',x,f_fs,'r:','LineWidth',2);
xlabel ('x');ylabel ('f_{sm}');

title(['n = ',num2str(N)]);

legend ('f(x) exact','f(x) approx.');
axis ([-L L -1.25 1.25]);axis square;

%% Function Definitions
function y=f_sm(x)
y=cos (bxx) . *x(1-(x./pi)."4)."2;
end
function y=f_nonsm(x)
y=heaviside (x+pi/2) -heaviside (x-pi/2);
end
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Fourier_Transform.m

clear;clc;
i=sqrt(-1);

%% Setup - User Input
lambda=2*pi;
N_base=11;

mult=10;
p=1001;

%% Preliminary Calculations
lambda=lambda*mult;
k0=2*pi/lambda;

N=ceil ((N_base-1)/k0)+1;
x=linspace(-lambda/2, lambda/2,p) ;
fx=f(x);

%% Fourier Transform

kn=zeros (1,N) ;

Fn=zeros (1,N);

for n=0:(N-1)
kn(n+1)=nx*k0;
Fn(n+1l)=abs(trapz(x,fx.*exp(i*kn(n+1)*x)));

end

Fn=Fn./max (Fn) ;

h% Plotting
x_fine=linspace(-lambda/2, lambda/2,10001) ;
f_fine=f(x_fine);

figure (1) ;
subplot (2,1,1);
stem(kn,Fn, 'Marker','.', 'MarkerSize',10,...

"Color','k');
xlabel ('\kappa_n');ylabel ('F(\kappa_n)');
legend (['N = ',num2str(N)]);
axis ([0 N_base-1 0 1.1]1);




subplot (2,1,2);

plot(x_fine,f_fine,'k',x,fx,'r.-','LineWidth"',1,...
'"MarkerSize' ,13);

xlabel ('x');ylabel ('f(x)"');

legend ('p=10001",['p = ',num2str(p)l);

axis ([[-1 1] .*(1/mult) .*x(lambda/2) -2.5 2.5]);

%% Function Definitions
function y=f(x)
y=cos (3%x) ./2+sin (5*x) +2*cos (9%x) . /3+0*rand (size(x)) ;
b y=isinf (dirac(x));
end
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